A classification of all periodic self-dual static vortex solutions of the Jackiw-Pi model is given. Physically acceptable solutions of the Liouville equation are related to a class of functions which we term Ω-quasi-elliptic. This class includes, in particular, the elliptic functions and also contains a function previously investigated by Olesen. Some examples of solutions are studied numerically and we point out a peculiar phenomenon of lost vortex charge in the limit where the period lengths tend to infinity, that is, in the planar limit.
Introduction
In this paper we study periodic, static vortex solutions of the Jackiw-Pi model [1, 2] .
1 This is a 2 + 1-dimensional nonrelativistic conformal field theory whose field content consists of a complex scalar field Ψ with non-linear-Schrödinger type action minimally coupled to a U(1) Chern-Simons gauge field A µ . Let us begin by reviewing the elements of this model.
The Jackiw-Pi model
We take as our starting point the action [6] S[Ψ,
1 For reviews see [3, 4, 5] .
Here ε 12 = −ε 21 = +1, whilst D µ = ∂ µ − ieA µ is the gauge covariant derivative and bold type indicates its spatial 2-vector part. We use the generic notation x 0 for the time coordinate, and apply the summation convention for repeated indices.
In the following we define ρ = Ψ * Ψ,
The field equations derived from the action (1) then read
The chiral derivatives
satisfy the identities
Using equations (3), the Schrödinger equation for Ψ can then be written as
By a similar argument, the hamiltonian takes the form
Hence there are two possibilities for constructing stationary zero-energy solutions:
(I) D + Ψ = 0 and g 2 + e 2 = 0, (II) D − Ψ = 0 and g 2 − e 2 = 0.
By stationary we mean that physical observables such as the particle density and current are time-independent. This is achieved by separating space and time variables as Ψ = e iω √ ρ,
with ρ non-negative and time independent: ∂ 0 ρ = 0. Any time dependence therefore resides in the gauge-dependent phase ω. Substitution of either of the Ansätze (I) or (II) for Ψ and the coupling constants (e, g) simplifies the Schrödinger equation (6) to
In addition, the real and imaginary parts of either condition D ± Ψ = 0 lead to the real equations
and as a result
It follows directly that ρ satisfies one of the Liouville equations
The solutions of these equations are respectively of the form [7] (I) ρ f = 4 e 2 |f |
2
(1 + |f | 2 ) 2 ,
where f (z) is an analytic function of the complex coordinate
and for physical reasons we make the hypothesis that f have at most isolated singularities (which then automatically are poles; see the discussion in Section 1.2). Furthermore, boundedness of ρ requires |f | 2 < 1 for case (II). This immediately implies that there are no relevant non-trivial solutions in case (II).
However, case (I) leads to a rich spectrum of vortex-type solutions, depending on the boundary conditions. For instance, if we take two-dimensional space to be the plane R 2 ↔ C, it is necessary to require that at infinity ρ tends to zero sufficiently fast. The problem of writing down all static vortex solutions in this planar case was solved in a beautiful paper by Horvathy and Yera [8] .
For physical applications, e.g. in condensed matter systems, it is also of interest to study static vortex solutions in a finite volume with periodic boundary conditions; in that case one requires
for given R-linearly independent complex numbers ω 1 , ω 2 . This corresponds to studying the Jackiw-Pi model in the case where space is a two-dimensional flat torus C/(Zω 1 + Zω 2 ). Apparently, the first one to investigate this situation was Olesen, who gave a remarkable solution on a square torus [9] .
If one thinks about how periodic boundary conditions are customarily employed in physics, the step from the plane to the torus seems innocuous. However, here this is not at all so. The change in topology, in fact, has a rather dramatic effect on the allowed rationalized vortex charge
First of all, it can be shown that q, irrespective of whether we are working on the plane or the torus, must be a non-negative integer (see Appendix B). But, while from the classification of Horvathy and Yera it is immediate that on the plane the charge is always even:
this is not the case for the Jackiw-Pi model on the torus. Indeed, Olesen's solution is an example of a static vortex on the torus with charge q = 1 (Olesen's solution on the torus).
Moreover, the correspondence between the solutions on the torus and those on the plane is somewhat involved. Olesen's solution, for instance, vanishes in the limit where the period lengths tend to infinity, and in Section 3 we give an example of a solution for which the charge q is halved as we pass from the torus to the plane! The adagium that the limit of a periodic solution, as the periods tend to infinity, gives a planar solution, fails dramatically in the case of Olesen's solution.
Classification of vortex solutions
In complex coordinates (15) the non-linear wave equation (13) for positive chirality fields of type (I) reads∂
where
The general solution (14, I) of this equation was discovered a long time ago by Liouville [7] , who was led to the study of equations (14, I&II) in connection with his researches on the theory of surfaces with constant intrinsic curvature 3 (see also [11, 12] ; in [13] solutions with vanishing boundary conditions on a rectangle were investigated). We shall frequently call ρ f defined by eq. (14, I) "the density associated with f ."
For our purposes, on physical grounds, we make the hypothesis that f is to have at most isolated singularities. This is because we want to interpret ρ f as a soliton (a vortex) and this interpretation is upset when f has a non-isolated singularity. 4 We also demand that ρ be bounded. In fact, we impose the stronger condition that the total particle number in the spatial domain
proportional to the total magnetic flux carried by vortices, is finite. 5 In the case of a periodic ρ, boundedness automatically follows from continuity, as we can interpret ρ as living on a compact space (the torus), and in this case, boundedness is all we need for the integral (21) to make sense. For vortices on the plane, one obviously needs to supplant this with a suitable decay condition at infinity, see [8] .
It can be shown:
Lemma 1 (Horvathy-Yera [8] ). Let ρ f be the density associated with a complex function f having at most isolated singularities. If ρ f is bounded, then the only possible singularities of f are poles, i.e. f is meromorphic in the plane.
In the plane case this extends to infinity, so that f is a meromorphic function on the sphere, that is, a rational function:
Theorem (Horvathy-Yera [8] ). Let the density ρ f associated with f be a vortex solution of the Liouville equation on the plane. Then f is a rational function, i.e. there are polynomials P (z) and Q(z), such that
3 On a surface of constant curvature the conformal factor of the metric in isothermal coordinates satisfies the Liouville equation; that is, if the metric is ds 2 = ρ (dx 2 + dy 2 ) with ρ > 0, then ρ satisfies equation (13) and e 2 is equal to the Gaussian curvature K of the surface. In this situation, the case K < 0 is, of course, not excluded and corresponds to solution (14, II) . It is known that equation (13, I) has no nowhere vanishing solution on the torus [10] . Thus, by necessity, all our torus solutions given below have zeros. 4 Indeed, we may conjecture that if f has a non-isolated singularity, then its associated density ρ f is unbounded. 5 In the plane case the integral extends over R 2 , whereas in the periodic case it is taken over some elementary cell; say, the closure of the fundamental region:
Moreover, the converse is also true.
In the case of the torus, Lemma 1 still holds (since it is a local statement), but boundedness of ρ f is automatic, and there is no corresponding statement about the behavior of f "at infinity."
We now state the analogous classification in the case where ρ is periodic, or, as one could also say, lives on a torus: Theorem 1. Let ρ be a smooth periodic solution of the Liouville equation (13) with periods ω 1 and ω 2 . It follows that ρ = ρ f for some complex function f (Liouville, [7] ) meromorphic in the plane (Lemma 1) which falls into one of the following two cases:
Case A There are complex numbers µ 1 , µ 2 with |µ i | = 1, such that
that is, f is an elliptic function of the second kind with multipliers µ i of unit modulus. For the reader's convenience, we repeat the results of [14] for such functions in Appendix C.
Case B There are complex parameters z 1 , . . . , z n in the fundamental region of the lattice Zω 1 + Zω 2 , and complex constants a 0 , . . . , a n , such that
for a suitable choice of parameters b, c, d, given in equations (65) and (66).
Moreover, the converse is also true: If f falls into one of the two cases above, its associated density ρ f is a periodic solution of the Liouville equation.
This result is derived in the next section.
Remark on special functions. Our conventions for the appearing special functions are as follows:
• ℘ ω 1 ,ω 2 indicates the Weierstrass p-function associated with the lattice Ω = Zω 1 + Zω 2 .
• ζ = ζ ω 1 ,ω 2 and σ = σ ω 1 ,ω 2 are the Weierstrass zeta-and sigma-functions.
The properties of these functions are given in many textbooks; see, for example, [15] . A word of caution: In the older literature, e.g. in the standard reference [16] , ℘ = ℘ ω 1 ,ω 2 often denotes the Weierstrass p-function with half -periods ω 1 , ω 2 (and similarly for ζ and σ).
Periodic vortices
We now proceed to classify all periodic vortices on a given flat torus (Theorem 1).
To this end, let a lattice Ω ⊂ C be given and suppose it is spanned by ω 1 , ω 2 , that is,
As follows from our earlier discussion in Section 1.1, the task is to find all smooth solutions ρ of the Liouville equation (13) such that
Suppose we are given such a ρ. Then, from [7] and Lemma 1 we know that there is a complex function f , meromorphic on the plane, such that
where the prime denotes the derivative with respect to the complex variable z. Let ω ∈ Ω be arbitrary and define the function
From equation (27) and the fact that g (z) = f (z + ω), it follows that
In Appendix A we prove:
6 Let f 1 and f 2 be non-constant meromorphic functions on the plane and suppose that their associated densities ρ f 1 and ρ f 2 are equal:
Then there exists a matrix
Also, the converse is true [6, 18] , even under the weaker hypothesis that
Now, from Lemma 2 it follows that for any ω ∈ Ω, there is a matrix γ ω ∈ SU(2), such that
This matrix is not unique in SU (2), but it is unique in PSU(2, C). We shall call a meromorphic function on the plane Ω-quasi-elliptic if it satisfies condition (32).
A trivial corollary to Lemma 2 is that ρ = ρ f is periodic with respect to the lattice Ω = Zω 1 + Zω 2 if and only if there exists matrices δ ω i ∈ U(2), such that
With every matrix γ = a b c d ∈ SU (2) there is naturally associated a certain transformation T (γ) ∈ PSU(2, C) from the Riemann sphere C to itself, namely
Since, obviously,
equation (32) tells us that any Ω-quasi-elliptic function effects a group homomorphism
from the lattice Ω to some abelian subgroup G of PSU(2, C). We recall that PSU(2, C) = SO(3), the group of orientation preserving isometries of the sphere. Because Ω = Zω 1 + Zω 2 is a free module with generators ω 1 and ω 2 , G is an abelian group with at most two generators T (γ ω 1 ) and T (γ ω 2 ).
γf (z)+δ . 8 For completeness we mention the elementary rule T (γ 1 γ 2 ) = T (γ 1 )T (γ 2 ) for all γ 1 , γ 2 ∈ U(2). Now, the important thing is that the converse part of Lemma 2 guarantees that any Ω-quasi-elliptic function will also yield a periodic vortex solution of the Liouville equation. Therefore, the problem of finding all periodic vortex solutions is equivalent to writing down all Ω-quasi-elliptic functions and this is directly related to classifying all abelian subgroups of PSU(2, C) with two generators.
There are various ways to classify such subgroups. We will work in PSU(2, C) directly, and lift the two generators of the group from PSU(2, C) to SU (2) . One can also use the isomorphism with SO(3), or consider rotations as quaternions. We shall comment on this later.
By an earlier remark (immediately below equation (32)), we have the implication
Then, since the generators T (γ ω 1 ) and T (γ ω 2 ) of G commute,
it is easy to see that γ ω 1 and γ ω 2 either commute or anticommute. We will refer to these cases as Case A and Case B, respectively and treat them in turn in the following two sections.
Case A:
The matrices γ ω 1 and γ ω 2 commute
Since γ ω 1 and γ ω 2 commute, they can simultaneously be put into diagonal form. More precisely, there exists a matrix U ∈ SU(2), such that
where the µ i are complex numbers of unit modulus: |µ i | = 1. Let f be Ω-quasi-elliptic and define the function
It follows that
i.e. the function g is a so-called elliptic function of the second kind. There exists a complete classification of all such functions (cf. Appendix C). Thus, f will be of the form
with g some elliptic function of the second kind, and, by Lemma 2, the densities associated with these functions are the same:
Conversely, if g is a quasi-elliptic function of the second kind with multipliers µ i satisfying |µ i | = 1, then its associated density ρ g is periodic. Indeed, for any such function g there are matrices
and the claim immediately follows from the corollary to Lemma 2.
Case B:
The matrices γ ω 1 and γ ω 2 anticommute
If our matrices γ ω 1 and γ ω 2 anticommute, we can diagonalize one of them and anti-diagonalize the other. Specifically, there is a matrix U ∈ SU(2), such that
for some complex λ with |λ| = 1. Now put
whence
which is to say
for some V = M U ∈ U(2). Let us briefly digress to remark on the subgroup G of PSU(2, C) generated by T (γ ω 1 ) and T (γ ω 2 ).
If we define
and
we get the composition table of the famous Vierergruppe V = Z 2 × Z 2 :
•
where 1 denotes the identity transformation z → z. Our subgroup G is isomorphic to Z 2 × Z 2 ! Coming back to our classification problem, it follows that any Ω-quasi-elliptic function f is of the form
where g is a function meromorphic in the plane satisfying
Conversely, from the corollary to Lemma 2 it is plain that the density ρ f associated with any such f is periodic, for there are matrices
We now proceed to classify all meromorphic functions in the plane which satisfy the period condition (52). Suppose g 0 (z) is some such function satisfying equation (52) and let g(z) be any other such function. Put
Then
with
it follows that
therefore, ϕ(z) is some multiplicative quasi-elliptic function with µ 1 = 1, µ 2 = −1.
From Appendix C, we find that there are complex constants a 0 , . . . , a n ∈ C,
and parameters
in the fundamental domain of the lattice Ω = Zω 1 + Zω 2 , such that
Therefore, g is of the form
Conversely, any such function g satisfies the conditions (52). It remains to give some g 0 satisfying equation (52). Inspired by Olesen's special solution [9] , we make the Ansatz
We have the general formulas [19] ℘(z + ω 1 ) = e 1 + (e 1 − e 2 )(e 1 − e 3 ) ℘(z) − e 1 , ℘(z + ω 2 ) = e 2 + (e 2 − e 1 )(e 2 − e 3 )
with ℘ ≡ ℘ 2ω 1 ,2ω 2 , e 1 := ℘(ω 1 ), e 2 := ℘(ω 2 ), and e 3 := −(e 1 + e 2 ). Using these formulas and demanding that g 0 satisfy (52), we can choose the parameters b, c, and d in our Ansatz (63) appropriately. With the help of a computer algebra system (Mathematica) we have found that
with c = −3e 1 + 2 (e 1 − e 2 )(2e 1 + e 2 ) e 1 + 2e 2
will do, as long as e 1 + 2e 2 = 0. 9 Indeed, e 1 + 2e 2 = 0 only in the limit where our torus degenerates into a cylinder and this is excluded. This concludes our proof of Theorem 1.
The abstract underlying group
We now explain how to refine our classification from a different perspective, using the isomorphism PSU(2, C) ∼ = SO(3) ∼ = H 1 with the different model groups of space rotations, and unit quaternions H 1 . Let us denote by G the subgroup (in any of these models) generated by γ ω 1 and γ ω 2 . Then G is an abelian group of rotations, which is intrinsically attached to the vortex solutions of the torus Jackiw-Pi model. We call the abstract isomorphism type of this group the type of the vortex solution.
We denote by Q the set of rational numbers. As usual, we call a real number irrational if it is not rational. We call two real numbers linear dependent over Q (abbreviated "LD") if one is a rational multiple of the other (and linear independent otherwise).
Suppose our rotations are around the same axis, one through an angle 2πθ, the other through an angle 2πθ . If one of θ and θ , say θ, is rational with denominator m, then its associated rotation generates a cyclic subgroup Z m of G of order m. If then θ is irrational, we find that G ∼ = Z m × Z (where it is possible that m = 1, in which case G is infinite cyclic: G ∼ = Z). If both θ and θ are rational with denominators m and n, say, then G is a cyclic group of order the least common multiple lcm(m, n) of m and n, that is, G ∼ = Z lcm(m,n) , a finite cyclic group (possibly trivial, which corresponds to genuinely elliptic functions). Finally, if θ and θ are both irrational and linearly independent over Q, the corresponding rotations generate a group G ∼ = Z × Z, but if they are linearly dependent over Q, they generate a group G ∼ = Z.
Suppose now that G consists of two commuting rotations around different axes. It is easy to show (e.g., using the unit quaternion picture, in which a rotation around an axis v = (v 1 , v 2 , v 3 ) through an angle 2θ is represented by cos θ + sin θ(v 1 i + v 2 j + v 3 k)) that the only pair of commuting rotations are two rotations of 180
• around two orthogonal axes, and then, abstractly, the group G is the Vierergruppe. Also, up to an isometry of space, we can assume that the axes are in a fixed position, so this group G can be conjugated in SO(3) into standard form.
Thus, we see that Case A corresponds to rotations around the same axis, whereas Case B corresponds to the Vierergruppe of two rotations around two different axes.
We have summarized the preceding discussion in Table 2 .3. In this table, we denote by ord(µ) the multiplicative order of a complex number µ in C * , i.e., the smallest positive integer N for which µ N = 1 (and we put ord(µ) = ∞ if no such integer exists). We call two complex numbers µ 1 and µ 2 multiplicatively dependent (abreviated "MD") if there exist integers N 1 and N 2 such that µ
2 . We denote a space rotation around an axis v through an angle θ by R v (θ). Note again that in this table m and n are integers, so Z lcm(m,n) can be the trivial group (if m = n = 1), and Z m × Z can be an infinite cyclic group ∼ = Z (if m = 1).
in SU (2) in SO (3) type Case A: commuting Same rotation axes Table 1 : Possible "types" of vortex solutions on the torus (m, n are integers).
Examples

Flux loss and flux conservation for elliptic function solutions
A brief glance at Theorem 1 will convince the reader that, in particular, the densities associated with elliptic functions furnish examples of periodic vortices (take µ 1 , µ 2 = 1 in Case A). The type of these solutions is trivial. A function f is elliptic with respect to the lattice Ω = Zω 1 + Zω 2 precisely if it can be expressed as
where R 1 , R 2 are rational functions and ℘ ≡ ℘ ω 1 ,ω 2 . It is easy to see that if we put ω i → t ω i (i = 1, 2) and take the limit t → +∞, then (compare [20] , pp. 85 ff.)
That is, in the limit where we remove the periodic boundary conditions (the planar limit), f tends to a rational function. Since any rational function can be written in the form (68) for some rational function R 2 , any rational function can arise in this way as the limit of an elliptic function. Thus, in this way we obtain all static vortices on the plane.
An elliptic solution with flux loss. Let ρ ft (t > 0) be the density associated with the function
(We are dealing with the torus C/(Zt + Zit).) Figure 1 shows a plot of this density for t = 1. Numerical integration suggests that for the rationalized charge q torus 
Now, the planar limit of f t is
and it is well known that the charge associated with this is
We therefore have the surprising result that, in passing from the torus to the plane, some charge of a vortex can get lost.
An elliptic solution with no flux loss. That this need not always happen is shown by the example of the density associated with g(z) = ℘ t,it (z). Here, the charge in the planar limit is the same as on the torus, namely = 4.
Relatives of Olesen's solution
In [9] Olesen investigated a periodic vortex with charge q = 1. In our language, this solution is associated with the function O (z) (equation (63)) for the square lattice Ω = Zt + Zit with t > 0. In Figure 2 we have plotted this density for t = 1. We can also look at the density associated with O (z) on arbitrary tori C/(Zω 1 + Zω 2 ). For instance, Figure 3 shows the density for a sequence of lattices Ω = Z + Zit, where successively t = .5, .75, 1. Note how the drempel-like structure 10 deforms to the lump of Figure 2 as the rectangle approaches a square. From numerical integration we know that all these vortices have charge q = 1 and the same appears to be true for tori where the fundamental region is a true parallelogram.
What is the planar limit of the density associated with O (z)? It is easy to see that for a square fundamental region, O (z) approaches a constant as the period lengths tend to positive infinity, that is, in this limit, the associated density approaches 0. It appears likely that the same is also true for more general fundamental regions.
Summary and discussion
In this paper we have studied the Jackiw-Pi model with periodic boundary conditions, which amounts to solving the Liouville equation on the torus. Physically, these solutions describe a two-dimensional periodic lattice of charged vortices with quantized magnetic flux. As first discussed in [1, 2] the existence of vortex solutions requires a delicate tuning of the coupling parameters: the electric charge and the strength of the self-interaction. Surprisingly, it seems that this tuning is not destroyed by quantum fluctuations [21, 6, 18] ; on the contrary, the tuning is precisely the condition for which the β-functions of the model vanish and there is no scale-dependence of the parameters, at least at one-loop order.
On the torus, the spectrum of fluxes of the vortices differs from the planar case; it is richer in that it allows both odd and even integer fluxes. This is possible because periodic functions on the plane do not vanish at infinity, as required for the solutions on the infinite plane. However, it also implies that the limit of the torus to the infinite plane is singular and can change the flux associated with a certain solution. We have presented explicit examples of this phenomenon. This observation may be relevant also in other field theories with soliton solutions, e.g. the Skyrme model as an effective theory for the bound states in QCD.
It is amusing to note that our physical classification of vortices on the torus has a purely mathematical consequence having to do with the geometrical content of the Liouville equation: We can interpret our density ρ as the conformal factor of a metric on a punctured torus, with punctures exactly at the zeros of ρ. Our classification theorem then gives all sufficiently smooth metrics of constant Gaussian curvature K = e 2 > 0 on punctured tori in explicit form.
11 From our physical arguments in Appendix B it also follows that the properly normalized integral (17) of the conformal factor over the torus is always a non-negative integer.
In reference [22] a topological interpretation of the charge of vortex solutions on the plane was given. It would clearly be interesting to obtain an analogous interpretation for the theory on the torus and we believe that the remarks in Appendix B could constitute the first steps in that direction. 
A Proof of Lemma 2
Here we prove Lemma 2 of Section 2. We only need to supply the proof of the "⇒"-direction; for the "⇐"-direction see [6, 18] . For clarity, let us repeat the statement (in slightly altered notation):
Lemma 2 ("⇒"). Let f andf be non-constant meromorphic functions on the plane and suppose that their associated densities ρ f and ρf are equal: ρ f = ρf , where
and analogously for ρf . Then there exists a matrix
Proof. Stereographic projection π : S 2 → C w gives a bijection between the sphere S 2 and the extended complex w-plane C w . In this way, the round metric on the sphere, ds 2 S 2 , induces a distance function d U on C w , for which the distance between two points w 1 , w 2 ∈ C w is given by
where the infimum is over all curves Γ : [0, 1] → C w with Γ(0) = w 1 , Γ(1) = w 2 . The orientation preserving isometry group of the sphere, SO (3), is mapped by π to the orientation preserving isometries of C w equipped with the distance d U , which is PSU(2, C). For a meromorphic function on the plane C z , define a quasi-distance d f by
(We call this a quasi-distance since, although it is positive and satisfies the triangle inequality, it is degenerate in the sense that points z 1 , z 2 at distance zero are not necessarily equal, but rather satisfy f (z 1 ) = f (z 2 ).)
The hypothesis of the theorem concerning equality of densities implies that for every z 1 , z 2 ∈ C z , we have
We now define a map ι :
First of all, this is well-defined. Indeed, if f (z 1 ) = f (z 2 ) =: w, then the definition (76) implies that d f (z 1 , z 2 ) = 0. Further, equation (77) implies that df (z 1 , z 2 ) = 0, and, again by definition (76), we obtainf (z 1 ) =f (z 2 ). Our claim is that ι(w) is an isometry of C w equipped with d U . It is surjective, since f andf are not constant. Indeed, for any two points w 1 , w 2 ∈ C w , we have
(79) Also, ι is orientation-preserving since f is meromorphic. Hence,f = T (f ) for some orientation preserving isometry T of C w , that is T ∈ PSU(2, C), whence there is a matrix
Remark. It is clear that this lemma can be used for determining the precise structure of the moduli space of self-dual static vortices of the Jackiw-Pi model on the plane. For, according to Horvathy and Yera [8] , any such vortex with flux Φ = 4πN/e is given by a density ρ f , where f is a rational function
Therefore, every such solution has 4N moduli but, obviously, they are not all independent. Rather, by our result, the moduli space is some kind of quotient
The invariant theory of PSU(2, C) is well-studied, see e.g. [23] . We leave the problem of working out the physical implications in detail for the future [24] .
B Quantization of flux
We comment here on the quantization of flux of static vortex solutions of the Jackiw-Pi model. For the theory on the plane, this quantization is best seen a posteriori from the results of Horvathy and Yera [8] . For the time being, an analogous result on the torus is, however, not available [24] . That is, given a solution from the classification Theorem 1 we cannot say at the moment, without resorting to numerical integration, what its associated flux is.
Therefore, we now proceed to give a more general argument supporting the claim that the flux is also quantized in the torus case.
The boundary conditions of the Jackiw-Pi model on a spacetime of the form R × T 2 , where T 2 = C/Ω for some lattice Ω, are somewhat subtle. Naively, one would write the gauge potential A as a 1-form on the torus, which would lead to
in contradiction to the solutions with a non-vanishing magnetic flux. The resolution to this puzzle is of course analogous to the Dirac monopole, where we need multiple gauge patches to describe the solution; in other words, A in reality is a section of a bundle. However, because we are dealing with a torus, we can also pull back the gauge connection to the plane, where the gauge potential can be written as a 1-form. The boundary conditions are then implemented by periodicity of the fields ρ, E, and B, which translates to the equations Ψ(x + ω i ) = e iθ i (x) Ψ(x),
where Ω = Zω 1 + Zω 2 , that is, our lattice is generated by ω 1 and ω 2 . Now we can use gauge transformations in the plane to set the phase θ 2 to zero, and then we are left with a single phase θ 1 . It is easy to show that under translation by ω 2 we have e iθ 1 (x) = e iθ 1 (x+ω 2 ) ,
and thus θ 1 (x + ω 2 ) = θ 1 (x) + 2πn. This means that the total magnetic flux through the torus is
is the fundamental domain of the torus in the plane. The boundary integral is the integral along the parallelogram where the two sides in the direction of ω 1 cancel, due to periodicity of A in ω 2 . However, the sides in the direction of ω 2 do not cancel, due to the non-periodicity caused by θ 1 . The difference between the two sides is given by
Therefore, the total magnetic flux is quantized in units of 2π. The topology of the principal U(1) gauge bundle over the torus is that of a twisted 3-torus with twist n.
C Elliptic functions of the second kind
For easy reference we repeat here the results of [14] , p. 154 concerning elliptic functions of the second kind (=multiplicative quasi-elliptic functions) specialized to the needs of the present paper (see also [25, 26] ).
Definition. Let Ω = Zω 1 + Zω 2 be a lattice. A function f which is meromorphic in the plane is said to be an elliptic function of the second kind with multipliers of unit modulus, if there exist complex numbers µ 1 , µ 2 , with |µ 1 |, |µ 2 | = 1, such that
Theorem (Lu [14] ). A function f which is meromorphic in the plane is an elliptic function of the second kind with multipliers µ 1 , µ 2 of unit modulus if and only if there are complex constants a 0 , . . . , a n ∈ C,
and parameters z 1 , . . . , z n ∈ {t 1 ω 1 + t 2 ω 2 | 0 ≤ t 1 , t 2 < 1},
such that
Here, η i := ζ ω 1 ,ω 2 (ω i /2) and γ i := log µ i (i = 1, 2). (The branch of log µ i can be chosen arbitrarily.) 
